Abstract. Quantum Lefschetz theorem by Coates and Givental [4] gives a relationship between the genus 0 Gromov-Witten theory of X and the twisted theory by a line bundle L on X . We prove the convergence of the twisted theory under the assumption that the genus 0 theory for original X converges. As a byproduct, we prove the semisimplicity and the Virasoro conjecture for the Gromov-Witten theories of (not necessarily Fano) projective toric manifolds.
Introduction
Quantum cohomology is a deformation of the ring structure of the ordinary cohomology. The structure constants of quantum cohomology are formal power series whose coe‰cients consist of Gromov-Witten invariants. We do not know a priori whether or not the structure constants are convergent. In this paper, we discuss the compatibility of quantum Lefschetz principle and the convergence of quantum cohomology.
There are several cases where the convergence is trivial. If c 1 ðX Þ > 0, the small quantum cohomology of X is defined over the polynomial ring by the degree constraints. If c 1 ðX Þ < 0, even the big quantum cohomology is defined over the polynomial ring for the same reason. Hence, the problem is the intermediate case, i.e. when there exist two curves C 1 , C 2 in X such that hc 1 ðX Þ; ½C 1 i f 0 and hc 1 ðX Þ; ½C 2 i e 0. The main theorem in this paper is the following. Theorem 1.1. Let X be a smooth projective variety and L be a nef line bundle on X . If the big quantum cohomology QH Ã ðX Þ of X has convergent structure constants, then the twisted quantum cohomology QH Therefore, if the convergence of QH Ã ðX Þ is known, we can know the convergence of QH Ã ðY Þ partially. The main tool in the proof is a ring of formal power series with certain estimates for coe‰cients.
In the second half of the paper, we give a description of mirror symmetry for a not necessarily nef toric variety. In [17] , the author calculated the quantum cohomology D-module of a toric variety X . The method there was to embed X into another Fano toric variety X 0 as a complete intersection and to use quantum Lefschetz theorem [4] together with a mirror theorem for a Fano toric variety [10] . We will recast the consequences of [17] in terms of the following oscillatory integral, which was introduced as a mirror of a toric variety in [8] , [10] : 
Here, QDM Ã ðX Þ is the big quantum D-module of the toric variety X . If X is Fano, the image of emb coincides with the linear subspace H 2 ðX Þ H H Ã ðX Þ.
Because of the completion in the above description, it is not clear if QH Ã ðX Þ is convergent. Our main theorem 1.1 is not directly applicable to X because X is a complete intersection in X 0 with respect to a sum of not necessarily nef line bundles. Using techniques similar to the proof of Theorem 1.1, however, we show the following: Theorem 1.3 (Theorem 5.7, Corollary 5.12). The big quantum cohomology of a smooth projective toric variety is convergent and generically semisimple. The embedding emb in the above theorem is complex analytic.
Note that the isomorphism F emb is not convergent unless X is nef (Proposition 5.13). The asymptotic expansion of the oscillatory integral I G ðq; pÞ in p is shown to give a formal solution to QDM Ã ðX Þ for special choices of cycles G (Corollary 6.9). We also prove the R-conjecture for equivariant quantum cohomology of toric varieties (Theorem 6.10). Here, the R-conjecture implies the Virasoro constraints by Givental's theory [13] .
Our result on the semisimplicity is also a successful test for Bayer and Manin's modified Dubrovin's conjecture [1] . The modified Dubrovin's conjecture claims that ðp; pÞ-part of quantum cohomology of a projective variety X is generically semisimple if its bounded derived category D b coh ðX Þ of coherent sheaves admits a full exceptional collection. In fact, Kawamata recently showed that toric varieties have full exceptional collections [21] .
For the application of the main theorem 1.1, we need to know the convergence of big quantum cohomology of ambient spaces. We prove that if H Ã ðX Þ is generated by H 2 ðX Þ and if the small quantum cohomology of X has convergent structure constants, so does the big quantum cohomology (Corollary 5.9). In particular, the big quantum cohomology of a Fano variety with H 2 -generated cohomology always has convergent structure constants. In a subsequent paper [18] , we will also prove that the big quantum cohomology (and higher genus potential F g also) is convergent for a projective manifold which admits Hamiltonian torus action with only isolated fixed points and isolated one dimensional orbits.
We should remark that in this paper, we only consider the even part of (quantum) cohomology. For example, H Ã ðX Þ always means H even ðX Þ.
The paper is organized as follows. In section 2 and 3, we review the quantum Dmodules and the quantum Lefschetz theorem by Coates and Givental. In section 4, we prove the main theorem. In section 5, we discuss the mirror symmetry for a non-nef toric variety. In section 6, we prove the R-conjecture for any toric variety.
Quantum D-modules
In this section, we introduce quantum D-modules twisted by the equivariant Euler class following [4] , [25] . Let X be a smooth projective variety and L be a line bundle over X . Let M 0; n ðX ; dÞ be the moduli space of genus 0, degree d stable maps to X with n marked points, where d A H 2 ðX ; ZÞ. We have the following diagram: where e i is the evaluation map and p i is the forgetful map. We introduce the fiber-wise S 1 action on L by scalar multiplication. Let l be a generator of the S 1 equivariant cohomology of a point. Define the twisted correlator ha 1 ; . . . ; a n i The twisted quantum product Ã L is defined by the formula: When c 1 ðLÞ is nef, the product Ã L can be defined over C½l7x8 (see [25] ). Therefore in this case, we can also consider the non-equivariant (l ¼ 0) version
The usual (non-twisted) quantum cohomology QH Ã ðX Þ ¼ À H Ã ðX Þ n C7x8; Ã X Á is defined by removing all the Euler classes in the definition. Let Y be a smooth intersection in X with respect to a transverse section s A GðX ; LÞ. By the main theorem of [22] , if c 1 ðLÞ is nef, we have at l ¼ 0,
for the inclusion i : Y ! X and the correlator hÁ Á Ái
Therefore, from Ã L , we can read the structure constants of QH Ã ðY Þ with respect to the classes coming from the ambient space.
We can endow a D-module structure on the quantum cohomology. Let Ã denote Ã L or Ã X . The dual Givental connection ' p is defined by
where p is a formal variable of degree two. This connection is regular singular along q 1 ¼ Á Á Á ¼ q r ¼ 0 and is known to be flat. It defines the non-twisted or twisted quantum D-modules:
When c 1 ðLÞ is nef, we can also consider the non-equivariant version QDM Ã ðX ; LÞ. It is easy to see that quantum D-module is generated by 1 over the Heisenberg algebra C½p7x8½' The J-function is a realization of a generator 1 of the quantum D-module as a function.
Coates-Givental's quantum Lefschetz
Coates and Givental's quantum Lefschetz theorem [4] describes the relationship between the two quantum cohomologies QH Ã ðX Þ and QH Ã S 1 ðX ; LÞ. It was described in terms of symplectic transformations of Lagrangian cones in the infinite dimensional space H Ã ðX Þ n C7p; p À1 8. In this paper, we describe it in terms of gauge transformations by translating the language of cones into that of quantum D-modules.
3.1. Symplectic formalism. First we will review the infinite dimensional symplectic formalism in [13] , [4] briefly. Consider the following general multiplicative characteristic class for a complex vector bundle E:
Here, s ¼ ðs 0 ; s 1 ; s 2 ; . . .Þ is an infinite number of arbitrary parameters. Let H be the following infinite dimensional vector space:
where
For any holomorphic vector bundle E on X , define a symplectic form W s on H by W s À f ðpÞ; gðpÞ Á ¼ Res p¼0 dp Ð X f ðÀpÞgðpÞcðEÞ; f ; g A H:
Then, H þ and H À become Lagrangian with respect to this symplectic form W s and give a polarization of H. The fundamental solution Lðt; pÞ of the quantum D-module QDM Ã ðX Þ (see (1) ) defines a Lagrangian subspace L t of ðH; W 0 Þ for each t:
Here, we assume the convergence of Lðt; pÞ for the sake of simplicity. For a rigorous argument, we need to introduce the Novikov ring L nov and replace H with the module H Ã ðX ; L nov 7s8Þfp; p À1 g of convergent power series in p with respect to the adic topology (as explained in [4] ). These semi-infinite subspaces sweep a germ of Lagrangian cone C 0 in ðH; W 0 Þ:
As explained in [4] , the tangent space of C 0 at any point in pL t equals the Lagrangian subspace L t . In other words, C 0 has a remarkable property that it is ruled by p times its tangent spaces. Let Jðt; pÞ ¼ Lðt; pÞ1 be the J-function of QH Ã ðX Þ. Then the vectors ÀpJðt; ÀpÞ parametrized by t A H Ã ðX Þ lie on the cone C 0 . The derivatives fÀpq t j Jðt; ÀpÞg j form a basis of the tangent space L t of C 0 over C½p7s8. Thus, the J-function recovers the whole Lagrangian cone C 0 by (4) .
Similarly, the twisted theory by the characteristic class c and a vector bundle E defines a Lagrangian cone C s H ðH; W s Þ. Coates and Givental proved that two cones C 0 and C s are related by a linear symplectic transformation. In this paper, we only consider a twist by the equivariant Euler class and the case where E is a line bundle L. In this case, values of the parameters s i are set as follows:
Using this substitution, cðLÞ equals the equivariant Euler class c 1 ðLÞ þ l, where S 1 acts on L by scalar multiplication on each fiber and l is a generator of H Ã S 1 ðptÞ. Coates and Givental introduced the following hypergeometric modification of the J-function:
where 
Then the dual Givental connection ' p changes as
Suppose also that one takes another point t ¼ c as an origin. 
Therefore, e c=p g 0 ðÀpÞ À1 is identified with the symplectic transformation in Theorem 3. 
The hypergeometric modification in Theorem 3.2 can be considered as an intermediate step to find a gauge transformation g and a coordinate changet t ¼t tðtÞ in the above proposition. If one changes a trivialization of QDM Ã ðX Þ by a gauge transformation g satisfying (7) and also shifts the origin by a coordinate change satisfying (8) Proof. (i) A tangent space to the cone C l is a vector space over C½p½l; l À1 . The former part follows from this and the argument in [4] using a ruling property (4) of the cone C l . If c 1 ðLÞ is nef, the hypergeometric modification is of the form
and does not contain negative powers of l. The latter part follows from this.
(ii) This follows from thatL Lðt; ÀpÞa is a tangent vector of C l and that C l is Lagrangian with respect to the symplectic form Res p¼0 h f ðÀpÞ; gðpÞi L S 1 dp. r
The dual Givental connection of QDM Ã S 1 ðX ; LÞ can be obtained from' ' p by a further gauge transformation by g 2 A End À H Ã ðX Þ Á n C½p½l; l À1 7x8 and a coordinate change x 7 !x x. The gauge transformation g 2 must satisfy (11) , (12) do not change the cone C l . As shown in [4] , [15] , this gauge transformation g 2 can be obtained as the positive part of the Birkho¤ factorization of the fundamental solution:
As shown in [17] , Theorem 4.6 and 4.8, g 2 andx x can be uniquely determined by the conditions (11), (13) .
Summarizing, we can find the gauge transformation g in Proposition 3.3 as a composite g 1 g 2 of two gauge transformations. First gauge transformation g 1 corresponds to the hypergeometric modificationL Lðt; pÞ of the fundamental solution and the second one g 2 can be obtained by the Birkho¤ factorization ofL Lðt; pÞ. In the next section, we study the analytic property of the connection W j and the second gauge transformation g 2 in detail.
4. Proof of the main theorem 4.1. Formal power series with estimates. In this subsection, we give an estimate for the connection matrix W j which is obtained after the gauge transformation g 1 . We will show that matrix elements of W j are not necessarily convergent power series, but their coe‰cients satisfy certain estimates. We assume that c 1 ðLÞ ¼ r is nef and that the ambient quantum cohomology QH Ã ðX Þ converges. We use the notation in Section 3.
Let Lðt; pÞ be the fundamental solution (1) 
where k Á k is the operator norm and jmj ¼ P s j¼1 m j .
Proof. The function Tðx; pÞ is known to satisfy the following homogeneity:
where m is a constant matrix defined by mðp j Þ ¼ ðdeg p j Þp j and deg q a is the degree defined in non-twisted theory. By using pqL=qt j ¼ Lðp j Ã X Þ, we can rewrite the above equation as
By the assumption that QH Ã ðX Þ is convergent, there exist a neighborhood U of x ¼ 0 and a constant C > 0 such that
Since T 0 ðxÞ ¼ id, we can see that sup
kT n ðxÞk e C 2n =n!. The lemma follows from this estimate. r Proof. Because r is nef, we have
Therefore, by Lemma 4.1, we have
& Thus, we obtain the estimate. The latter part follows from (14) . 
(ii) There exist positive continuous functions BðlÞ, CðlÞ defined on the complement of a finite subset of C such that jA m; n ðlÞj e BðlÞCðlÞ jmjþjnj 1=n!; n f 0; jnj!; n e 0: 
When n f 0, we have jC m; n j e BðlÞ 2 CðlÞ
When n e 0, we have jC m; n j e BðlÞ 2 CðlÞ jmjþjnj P n 1 þn 2 ¼n; n i e0
for some C 0 > 0. Therefore, we have the desired estimate for the product. r Let W j ðx; p; lÞ be the connection matrix of' ' p given in (10) . Let 5Á ; Á6 be the bilinear form defined in Proposition 3.4 (ii). Proof. By Proposition 3.4, we can see that 5a; b6 and 5a; W j b6 are in C½p; l7x8. Since we have 5a; b6 ¼ hT Tðx; Àp; lÞa;T Tðx; p; lÞbi 
where we used l e jmj. The summation factor is of exponential order in jmj because In this subsection, we will find a gauge transformation g 2 which changes the connection matrices into p-independent ones.
Let O p l be the set of formal power series P m; nf0 A m; n ðlÞx m p n in CðlÞ½p7x8 satisfying the following conditions:
(ii) There exist positive continuous functions BðlÞ and CðlÞ defined on the complement of a finite subset of C such that jA m; n ðlÞj e BðlÞCðlÞ jmjþn jmj n 0 ;
We omit the proof because it is similar to Lemma 4.5. such that g 2 j q¼0 ¼ id and that the new connection matrixŴ W j of g
This proposition is considered to be a general gauge fixing lemma. It is applicable to any flat connection of the form pd þ W which is defined over O p l , regular singular along q 1 q 2 Á Á Á q r ¼ 0 and whose residue matrices at q ¼ 0 are nilpotent. In [17] , Theorem 4.6, we showed the existence and the uniqueness of g 2 in End À H Ã ðX Þ Á n C½p; l7x8 by using a formal Birkho¤ factorization. Here, we will show that g 2 also belongs to End
l . This gauge fixing can be considered as a procedure of renormalization. A divergent connection can be renormalized by g 2 to yield a finite (convergent) result.
Proof. Once we establish the existence of g 2 in End
l and p-independent at the same time. Thus, it su‰ces to solve for g 2 
sÀr of 0 and continuous functions BðlÞ; CðlÞ > 0 such that kW j; d; n ðt; lÞk e BðlÞCðlÞ jdjþn jdj n for ðt rþ1 ; . . . ; t s Þ A U and 0 e j e s. From now on, we omit l and ðt rþ1 ; . . . ; t s Þ in the notation, but ðt rþ1 ; . . . ; t s Þ is always assumed to be in U.
we obtain the following equations:
where we used G 0; n ¼ d 0; n ,Ŵ W a; 0 ¼ p a and W a; 0; n ¼ d 0; n p a . Note that W a; d; n is known and G d; n andŴ W a; d are unknown. Assume by induction that we know
with jd 0 j < d. For a multi-index d with jdj ¼ d, we first solve for G d; n for all n f 0 by using (15) , and then we solve forŴ W a; d by using (16) .
More precisely, we must solve for G d; n ,Ŵ W a; d with estimates. Introduce the following notation: . Assume by induction that
hold for all d < d. We take A 2 so thatô o a; 0 ¼ kp a k e A 2 holds. Then (17) is valid for d ¼ 0 because g 0; n ¼ d 0; n . We will specify B 2 , B 3 , M later. Take a d with jdj ¼ d. Let aðdÞ be an index such that d aðdÞ ¼ maxfd 1 ; . . . ; d r g. Let C be a constant satisfying kadðp a Þk e C for 1 e a e r. By (15), we have
where N ¼ dim C X and we used adðp aðdÞ Þ 2Nþ1 ¼ 0. By using ðjdj=d aðdÞ Þ e r, we have
Also we have
By using (16), we havê
By (19) and the assumption (17), we obtain
where we set
By (18) and (21) 
By (22) and (20), we havê
In order to complete the induction step, we need to specify the parameters B 2 , B 3 , M. First we set B 3 ¼ 2B 1 . To choose B 2 and M, we need the following lemma: The proof will be given in the Appendix. For su‰ciently large M, we have
and e 1 ðMÞ < 1 3 :
Next, for su‰ciently large B 2 , we have
Now, it is easy to check that e 3 ðB 2 ; B 3 ; MÞ < 1 and
Therefore, by (22) and (23), we complete the induction step. r
Proof of Theorem 1.1. As explained at the end of section 3, in order to obtain the structure constants of QH
p , it su‰ces to find a new coordinate system x x ¼ ft t 0 ;1 ¼ expðt t 1 Þ; . . . ;r ¼ expðt t r Þ;t t rþ1 ; . . . ;t t s g such that the connection matrixŴ Wĵ j defined by g
Wĵ j dt t j satisfiesŴ Wĵ j 1 ¼ p j . ThenŴ Wĵ j gives the twisted quantum product p j Ã L . BecauseŴ W j is already convergent, new coordinatesx x also become convergent functions in x. r
Mirror symmetry for non-nef toric varieties
In this section, we will study mirror symmetry and the quantum cohomology of a not necessarily nef toric variety. In [17] , we showed that the quantum D-module of QDM Ã ðX Þ of a toric variety X can be reconstructed from the equivariant Floer cohomology FH Ã S 1 [7] , [16] by a generalized mirror transformation. There, the quantum D-module QDM Ã ðX Þ was described in terms of hypergeometric series (I -function). Here, we describe QDM Ã ðX Þ in terms of the mirror oscillatory integral introduced by Givental [8] , [10] . The oscillatory integral satisfies (a generalized version of) the Mellin system of hypergeometric di¤erential equations. We will show that the equivariant Floer cohomology FH Ã S 1 is isomorphic to the q-adic completion of the Mellin system. Then, results in [17] can be restated as QDM Ã ðX Þ restricted to some non-linear subspace of H Ã ðX Þ is isomorphic to the completion of the Mellin system. Using a method similar to section 4, we will show the convergence of the quantum cohomology of toric varieties. By using mirror symmetry, we will also show the semisimplicity. 
By this splitting, we can write
the primitive generator of the i-th one dimensional cone of the fan S. The matrix ðl ai Þ : Z r ! Z rþN also gives a splitting of the exact sequence (24) . We can choose this splitting so that l ai f 0 because fp 1 ; . . . ; p r g is a nef basis. We define o q by
This is independent of a choice of the splitting.
Proposition 5.1. The oscillatory integral I G ðq; pÞ satisfies P d I G ðq; pÞ ¼ 0 for all d A Z r , where P d is a di¤erential operator defined by
where q a ¼ q a q=qq a .
This proposition may be well-known, but we include a proof for completeness.
Proof. First we have
By using this, we have
S
1 -equivariant Floer cohomology. We review the algebraic construction of the equivariant Floer cohomology FH Ã S 1 for a toric variety X briefly (see [16] for detail).
. . . ; P r ; p. This is an algebra over
we define a push-forward map
Then, we have an inductive system
This is compatible with the direct limit and we have a module homomorphism 
where m ¼ P a Q a C½Q; p. This becomes a module over C½p7Q 1 ; . . . ; Q r 8hP 1 ; . . . ; P r i.
is generated by D as a ChQ G ; P; pi-module and all the relations are generated byP
is generated by D. It is easy to check that
When applying this to D, we have P
Therefore, by (25) 
where I poly H C½p7q8hpqi is the closure of I poly with respect to the q-adic topology.
Proof. In [16] , section 4.4, it is proved that FH Ã S 1 is generated by D over C½p7Q8hPi. Therefore we have a surjection C½p7Q8hPi ! FH Ã S 1 . Assume
Because f n À g n A I poly and f n À g n ! f as n ! y, we have f A I poly . r Later, we will see that I poly does not necessarily coincide with C½p7q8hpqiI poly . In such a case, we need to add non-algebraic di¤erential equations. We set 
Here, I ðq; pÞ ¼ e p log q=pĨ I ðq; pÞ is frequently referred to as I -function. We writẽ I I ðq; pÞ ¼ P df0
Then we have for jpj ¼ 1 
The map emb is given by equations of the form (ii) Find a gauge transformation g such that gj q¼0 ¼ id and that the new connection matrixŴ W a is p-independent, whereŴ W a ¼ g À1 W a g þ g À1 pq a g.
(iii) Solve for matrix-valued functionsŴ W j ðt 0 ; q; t rþ1 ; . . . ; t s Þ ð0 e j e sÞ from W W a ðqÞ ð1 e a e rÞ, whereŴ W 0 ¼ id. This procedure will be reviewed in Proposition 5.8.
(iv) Find a new coordinate system ðt t 0 ;1 ; . . . ;r ;t t rþ1 ; . . . ;t t s Þ of the form t t 0 ¼ t 0 þ F 0 ðqÞ,a ¼ q a exp À F a ðqÞ Á ð1 e a e rÞ,t t j ¼ t j þ F j ðqÞ ðr þ 1 e j e sÞ such that
We study these four steps from an analytic point of view. By Proposition 5.5, the connection matrix W a ðqÞ in step (i) has its matrix elements in O p small . Then by Proposition 4.8, the connection matrixŴ W a in step (ii) becomes a convergent function of q. In Proposition 5.8, we will see that the reconstruction step (iii) preserves the convergence. The last step (iv) can be done in the convergent category, therefore QH Ã ðX Þ has convergent structure constants. Summarizing,
Theorem 5.7. The quantum D-module QDM
Ã ðX Þ of a toric variety is defined over convergent power series. The embedding emb : ðC r ; 0Þ ! ðC sþ1 ; 0Þ in Theorem 5.6 is complex analytic and f FH FH
In order to state the compatibility of reconstruction with convergence, we consider the following general situation. Consider a flat connection '
W a ðqÞ dq a =q a of the bundle H Ã ðX Þ Â U ! U regular singular along q 1 Á Á Á q r ¼ 0. Here, U is a neighborhood of 0 in C r and W a ðqÞ is an p-independent holomorphic function on U. 
Next we have by (30), Ã ðX Þ is generated by H 2 ðX Þ and if the small quantum cohomology of X has convergent structure constants, so does the big quantum cohomology QH Ã ðX Þ.
Characteristic variety and semisimplicity.
We study the characteristic variety of the Mellin system and prove the semisimplicity. For a di¤erential operator f ðq; pq; pÞ, we define its principal symbol as sð f Þ ¼ f ðq; p; 0Þ. Here, p 1 ; . . . ; p r are conjugate variables. We also define
The Proof. By Kushnirenko's theorem [23] , the dimension of the Jacobi ring C½s 1 ; . . . ; s N =hq s F q i equals N! times the volume of the Newton polytope of . . . ; p r Þ of the connection matrices ðW 1 j p¼0 ; . . . ; W r j p¼0 Þ. Because W a j q¼0 is a nilpotent matrix (cup product by p a ), we see that p a ! 0 as q ! 0. On the other hand, we have ChðM Mell Þ G ChðFH 0 Þj q 1 ÁÁÁq r 30 and the zerofiber of ChðFH 0 Þ is the spectrum of
Therefore, there exist only dim C H Ã ðX Þ branches converging to p ¼ 0 at q ¼ 0. r By Theorem 5.7, we see that emb [24] , Part I, section 3 for the definition of semisimplicity.)
As remarked in the introduction, this corollary together with Kawamata's result [21] shows that Bayer and Manin's modified Dubrovin's conjecture [1] holds for toric varieties.
The proposition below will clarify the role of the nef condition for c 1 ðX Þ. Proposition 5.13. The following conditions are equivalent.
(vi) The generalized mirror transformation can be done using only convergent power series i.e. W a ðq; pÞ and gðq; pÞ in the step (i) and (ii) of Theorem 5.6 are convergent functions of q and p.
Proof. (i) , (ii). The condition c 1 ðX Þ f 0 is equivalent to that every primitive generatorx x i of one-dimensional cones lies in the boundary of Convðx x 1 ; . . . ;x x rþN Þ. The number of top dimensional cones in S equals dim C H Ã ðX Þ and each top dimensional cone has volume 1=N!. Hence we obtain the equivalence.
(ii) , (iii). This follows from Proposition 5.11. We can assume that f ðq; pq; pÞ is homogeneous. By the assumption, we can see that there exists an integer k > 0 such that ðq 1 Á Á Á q r Þ k f ðq; p; 0Þ is contained in sðO
we can see that f ðq; p; 0Þ is also in sðO p poly I poly Þ. Therefore, there exists some f 1 ðq; pq; pÞ in O p small hpqi such that f ðq; pq; pÞ 1 pf 1 ðq; pq; pÞ mod O p small I poly and deg
Because the multiplication by p is injective in f FH FH Ã S 1 , ½ f 1 also lies in the kernel. Repeating this, we have f 1 p n f n mod O p small I poly and deg f n < 0 for su‰ciently large n. Because we have already seen that (i) is equivalent to (iii), c 1 ðX Þ is nef and so deg q a f 0. Thus f n must be zero and ½ f ¼ 0 in M.
(iv) ) (v). Take the tensor product with C½p7q8.
(v) ) (ii). Because FH Ã S 1 is a free C½p7q8-module of rank dim C H Ã ðX Þ, we see that sðFH 0 Þ n C½q C7q8 is a free C7q8-module of rank dim C H Ã ðX Þ. On the other hand, by Proposition 5.11, sðFH 0 Þ½q À1 G sðM Mell Þ becomes a free module of rank N! Vol À ConvðSÞ Á when restricted to the complement of the ramification locus. Therefore, we must have
We can see from the proof of Proposition 5.5 that the I -function in (28) is convergent on jpj ¼ 1 if and only if c 1 ðX Þ is nef. The connection matrix W a is determined from I -function by (27). The gauge transformation g can be found by applying Birkho¤ factorization of the loop group LGLðs þ 1; CÞ to the loop p 7 ! À T i ðpqÞI ðq; pÞ Á (see [15] , [16] , [17] ). r 5.5. Example. We study the case of Hirzeburch surface
Á . This is given by the fan S whose one-dimensional cones are generated byx x 1 ; . . . ;x x 4 :
x x 1 ¼ ð1; 0Þ;x x 2 ¼ ð0; 1Þ;x x 3 ¼ ðÀ1; nÞ;x x 4 ¼ ð0; À1Þ:
We have dim C H Ã ðF n Þ ¼ 4 and 2! Vol À ConvðSÞ Á ¼ maxð4; n þ 2Þ. Let w 1 ; . . . ; w 4 be the classes of the corresponding toric divisors. Then, p
The corresponding Mellin system is generated by the following two di¤erential operators:
FH 0 G Chq 1 ; q 2 ; pq 1 ; pq 2 ; pi=hP ð1; 0Þ ; P ð0;
; pq 2 i=hP ð1; 0Þ ; P ð0; 1Þ i:
5.5.1. Fano case ðn ¼ 0; 1Þ. In this case, FH 0 is freely generated by ½1, ½pq 1 , ½pq 2 , ½ðpq 2 Þ 2 over C½p; q. The small quantum D-module of F n is defined over the polynomial ring C½p; q and is isomorphic to FH 0 . 5.5.2. Nef but non-Fano case ðn ¼ 2Þ. In this case, FH 0 is not finitely generated over C½p; q. However, FH 0 ½ð1 À 4q 1 Þ À1 is freely generated by ½1, ½pq 1 , ½pq 2 , ½ðpq 2 Þ 2 over C½p; q 1 ; q 2 ; ð1 À 4q 1 Þ À1 . For example, we can write ½ðpq 1 Þ 2 as
The small quantum D-module is isomorphic to FH 0 at least on the region j4q 1 j < 1 after a suitable coordinate change (see [15] ).
5.5.3. Non-nef case ðn f 3Þ. In this case, FH 0 is not finitely generated over C½p; q. Furthermore, FH 0 n C½p; q C½p7q8 G C½p7q8hpqi=hP ð1; 0Þ ; P ð0; 1Þ i is not finitely generated over C½p7q8 either. If it were finitely generated, then sðFH 0 Þ n C½q C7q8 would be also finitely generated over C7q8 and generated by 1, p 1 , p 2 , p 2 2 by Nakayama's lemma. It contradicts that sðFH 0 Þ½q À1 1 ; q À1 2 G sðM Mell Þ is a free module of rank n þ 2 > 4. We must consider the q-adic closure of the left ideal hP ð1; 0Þ ; P ð0; 1Þ i which is strictly bigger: hP ð1; 0Þ ; P ð0; 1Þ i k hP ð1; 0Þ ; P ð0; 1Þ i in C½p7q8hpqi:
Our FH Ã S 1 is a free C½p7q8-module of rank 4 and isomorphic to the restriction of the big quantum D-module to some non-linear subvariety of H Ã ðF n Þ. On the other hand, M Mell is of rank n þ 2 over C½p; q G . (In fact, it is generated by ½1; ½pq 1 ; ½ðpq 1 Þ 2 ; ½pq 2 À npq 1 ; . . . ; ½ðpq 2 À npq 1 Þ nÀ1 .) The characteristic variety of M Mell is given by
or equivalently,
It has n þ 2 solutions ðp 1 ; p 2 Þ (counted with multiplicity) for a given ðq 1 ; q 2 Þ A ðC Ã Þ 2 . Out of n þ 2 solutions, we have four branches of solutions having the asymptotics:
These branches satisfy ðp 1 ; p 2 Þ ! 0 as ðq 1 ; q 2 Þ ! 0 and correspond to the characteristic variety of f FH FH Ã S 1 . The other n À 2 branches have the asymptotics
1 q 2 and diverge as q 1 ! 0. By changing the large radius limit q ! 0, we can construct a D-module of rank n þ 2 which is regular singular along12 ¼ 0. Setq
In terms of1 ,2 , di¤erential operators of the Mellin system are written as
Then, the D-module FH 0 0 ¼ Ch1 ;2 ; pq 1 ; pq 2 ; pi=hR ð1; 0Þ ; R ð1; 1Þ ; R ð0; 1Þ i is freely generated by ½1; ½pq 1 ; ½ðpq 1 Þ 2 ; ½pq 2 À npq 1 ; . . . ; ½ðpq 2 À npq 1 Þ nÀ1 as a C½p;1 ;2 -module. This becomes an abstract quantum D-module in the sense of [16] , [17] . Therefore, we can find a canonical frame and flat coordinates by reconstructing an n þ 2-dimensional base space (see [17] ). It would be interesting to study a geometric meaning of this Dmodule.
R-conjecture (Virasoro constraints)
The Virasoro constraints are infinite dimensional symmetries of the (all genus, descendant) Gromov-Witten potential conjectured by Eguchi-Hori-Xiong [6] . In [13] , Givental showed that when the target X has a torus action with only isolated fixed points and isolated one-dimensional orbits, the Virasoro conjecture is reduced to the R-conjecture. The R-conjecture is a conjecture about equivariant quantum cohomology with semisimple non-equivariant counterpart. It states that the asymptotic solution R defined in the equivariant theory has non-equivariant limit. For a class of Fano toric varieties, the R-conjecture was proved by Givental [13] . The R-conjecture has been proved for complete flag [20] , Grassmannian [2] and partial flag varieties [3] .
In this section, we explain the R-conjecture and prove it for any smooth projective toric variety. The proof of R-conjecture will be a first step for the understanding of the mirror oscillatory integral.
6.1. Equivariant quantum cohomology. Let T be an l-dimensional torus ðG ðS 1 Þ l Þ and X be a T-manifold. In a manner analogous to section 2, we can define the equivariant quantum cohomology algebra À QH Ã T ðX Þ; Ã Á which is a deformation of the ring structure of the ordinary equivariant cohomology H Ã T ðX Þ [9] . We assume that the T-action on X is Hamiltonian. For projective manifolds, this assumption is equivalent to that the action has at least one fixed point. Then, the equivariant cohomology is of the form 1. Flat CðlÞ-bilinear symmetric pairing hÁ ; Ái T on T M defined by
2. CðlÞ-bilinear symmetric product Ã :
where c 0 ðlÞ þ P r a¼1 c a p a ¼ c
The name quasi-conformal comes from thatẼ E is not a section of T M (it contains the derivation l j q=ql j ). As in non-equivariant case, the dual Givental connection
is flat for any value of p. This defines the T-equivariant quantum D-module:
The Euler operator satisfies the following:
We assume some familiarity with the semisimplicity and canonical coordinates for conformal Frobenius manifolds, see e.g. [5] , [24] . Here, we review the construction of canonical coordinates in equivariant quantum cohomology. Assume that the T action on X has only isolated fixed points. Then, by the localization theorem of equivariant cohomology, we have an isomorphism of rings
Here, i s : fsg ! X is the inclusion and e T is the T-equivariant Euler class. Because i Conjecture 6.2 (R-conjecture [13] ). When the non-equivariant quantum cohomology is generically semisimple, the asymptotic solution R ðnÞ st ðt; lÞ normalized by (36) is regular at l ¼ 0 for a semisimple point t of non-equivariant theory.
An asymptotic solution R st ðt; l; pÞ satisfying the homogeneity and regularity at l ¼ 0 for a semisimple t is unique if it exists. Thus, if R-conjecture is true, such a solution exists and satisfies the above classical limit condition (36). In this case, the non-equivariant limit lim l!0 R st gives the homogeneous asymptotic solution of non-equivariant theory.
By the theory of Givental [12] , [13] , the R-conjecture implies the Virasoro constraints for the non-equivariant Gromov-Witten theory of X .
Equivariant mirror.
We review an equivariant version of the mirror of toric variety [10] . We use the same notation as in section 5. 
Define an equivariant phase function F T ðw; lÞ on the mirror family p : Y ! ðC Ã Þ r by
Then consider the equivariant oscillatory integral:
We can easily obtain the equivariant version of Proposition 5.1.
We introduce the D-module M T Mell as in section 5.1. 
This theorem is a generalization of the result of [17] to the T-equivariant case. The proof is completely similar and based on a T-equivariant version of Coates-Givental's quantum Lefschetz theorem [4] . The main points in the proof are (1) any toric variety can be realized as a complete intersection of torus invariant divisors in a Fano toric varietyX X , (2) the J-function of FH Ã TÂS 1 is identical with the Coates-Givental modification of the J-function of small quantum cohomology of the ambientX X , and (3) the reconstruction from small to big is unique. We can see that Coates-Givental's quantum Lefschetz theorem admits a T-equivariant generalization.
6.4. Asymptotic solution via equivariant mirror. Using the equivariant mirror, we will construct asymptotic solutions subject to the classical limit condition (36). Then it follows that the R-conjecture 6.2 holds for toric varieties. Unfortunately, we could not prove the convergence of T-equivariant quantum cohomology using the method in this paper. Instead, we use a result in a forthcoming paper [18] which proves the convergence of equivariant quantum cohomology by the localization method.
We start with the construction of canonical coordinates for equivariant mirror. Each fixed point s A X T can be written as an intersection of N toric divisors T We need the following elementary lemma. See the Appendix for the proof.
Lemma 6.5. Let U H C l be a neighborhood of 0 and D H Unf0g be the complement of an analytic subvariety in U. Let f ðq 1 ; . . . ; q r ; l 1 ; . . . ; l l Þ be a function holomorphic in the neighborhood of fq ¼ 0; l A Dg. Assume that f ðÁ; lÞ can be expanded in the form P Here, OðqÞ has an expansion of the form P 
À
crit s ðqÞ Á is a multi-valued analytic function in q and l, emb Ã ðx x i Þ is a (possibly multi-valued) analytic function in q and l. It is easy to see that it is holomorphic in the neighborhood of fq ¼ 0; l genericg (identically zero at q ¼ 0). Since emb Ã ðx x i Þ belongs to C½l7q8, (iii) follows from Lemma 6.5. r Remark 6.7. (i) The above lemma shows that Conjecture 6.1 holds for toric varieties.
(ii) The branch fcrit s ðqÞg q in the above lemma corresponds to a branch described in Proposition 5.11 (ii) in the non-equivariant limit.
(iii) Because the map emb preserves the degree, the homogeneity for emb Ã ðu s Þ ¼ F 
Therefore, we have e 1 ðMÞ ! 0 as M ! y.
Next we study e 2 ðB 2 ; MÞ. Set C ¼ B 2 =B 1 . We have for C > 1,
